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Abstract. This is a note of talks I gave at the number theory seminar at 
Tsinghua University in Fall 2011. 

We vfill introduce the local and global Euler characteristic formulas given 
by John Tate(1962) for Galois cohomology. We will give a detailed proof based 
on the idea in Hida's book[l,Ch4.4.4 and 4.4.5] and Milne's book[2,Chl.5]. 



This note is organized as follows. In preliminary, we review the definition of 
group cohomology and some basic properties. In Section 1, we will give a detailed 
proof of the local case. In Section 2, we also prove the global case by using a 
powerful theorem given by John Tate. Both of these proofs roughly follow Hida's 
book[l, Ch4.4.4 and 4.4.5] and Milne's book[2,Chl.5]. 

Preliminary 

In the section, we recall some basic facts on Galois cohomology without proof. 
Readers can see [4] or [5] for more details. 

Cohomology and Cochains. Let G be a finite group, and M be a G-module. 
The functor M ^ M'^ from the category of G-modules to the category of Abelian 
groups is left-exact. The derived functor is denoted by iJ"(G, — ). H"{G,M) is 
called the cohomology group, and it can be computed by the complex of cochains 
in the following way. 

We define G"(G,M) := Map{G",M), an element of G"(G, Af) is a function / 
of n variables in G with codomain M . The differential maps 

dn : G"(G, M) -> G"+i(G, M) 

are defined by 

n 

dn{fn){gi, ■ ■ ■ ,gn) = 9i ' f{g2, ■■■ ,gn) + ^(-i)7(ffi,- • • ,9igi+i, ■ ■ ■ ,gn+i) 

1=1 

+ (-ir+V(3l,--- 

and we can check dn+i o rf„ = directly. The cohomological groups are given by 

H"{G,M) = H'\C'{G,M)) = kerd„/Imd„_i. 

When G is a profinite group, the discrete abelian groups on which G acts con- 
tinuously form an abelian category Cg , which is a full subcategory of the category 
of all G-modules. For a (discrete) G-module Af , we define 

7?"(G,A/) := lim H''{G/H,M"), 

H<iG 
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where H runs over the open normal subgroups of G. If we want to compute the 
cohomology groups H^{G, M), we can still use the same method applied to compute 
the cochains. The only change is that the cochains must be continuous. 

cotq/ui resG/c/' Let C/ be a closed subgroup of G, we have restriction map 

resG/[/ : H''{G,M) H'^{U,M). 
If [/ is a open subgroup of G of finite index, we have corestriction map 
coiG/u ■■ H''(U,M) H^-iCM). 
Then we have the following proposition. 

Proposition 0.1. The following properties hold: 

(1) cotg/u o TCSG/uix) = [G : U]x, where x e iJ"(G,M); 

(2) If G is a finite group, M is a finite G-module, and (|G|,|M|) = 1, then 
m{G,M) = for allq> 0. 

Inflation and Restriction Sequences. 

Proposition 0.2. Let U be a closed normal subgroup ofG, and suppose H^iU, M) = 
for all p = 1,2, ■■■ ,q — 1. Then the following sequence is exact: 

Hi{G/U, M^) m{G, M) H°{G/U, m{U, M)) m+\G/U, M"). 

Shapiro's Lemma. Let U he a. closed subgroup of G. The induced module is 
given by 

IndfjM = Homz[f/](Z[G],M). 
Proposition 0.3. We have isomorphisms: 

H''{G,Ind$M) = H'^{U,M) 

for all n > 0. 

Tate Cohomology. Let G be a finite group and M be a G-module, then the Tate 
groups are defined by: 

ff"(G,M), n> 1 
F°(G,M), n = 
ker iV^/IcM, n = -1 
Hi_i{G,M), n<-l 

where Nm : mi-^ J2 C Z[G] is generated by —1. 

see 

Proposition 0.4. Suppose thai G is a finite cyclic group generated by g. Then 

H^{G,M) = H^+^{G,M). 
Corollary 0.5. All the notations are the same as above, then we have: 
H^"'{G,M) ^ H^{G,M) = M'^/Nm{M) 

for all n> 1, and 

if2"-i(G,M) ^ kenNm/IcM. 
Proposition 0.6. // G is cyclic, and M is finite, then 

\H^{G,M)\ = \H^{G,M)\. 



H^{G,M) 
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1. Local Euler Characteristic Formula 
The main result is the foUowing theorem. 

Theorem 1.1 (Local Case). Let K/Qp be a finite extension for a prime p, G = 
Gal{Qp/K) and M be a finite (discrete) G -module. We have local Euler character- 
istic formula: 

\HO{G,M)\-\H^{G,M)\ ^ \H°{G,M)\-\H°{G,M*{1))\ ^ 

\m{G,M)\ \m{G,M)\ " 

where M*(l) = 'H.om[M,K^), \n\K = [Ok '■ nOK]~^ for a positive integer n. 

The first equation is as a result of Tate duality. 

Proposition 1.2. (Tate duality) Let M be a finitely generated discrete Z[G]- 
module, 

H^'iG, M*(l)) H^-''iG, M)* 

for all < r < 2, where M*(l) = Hom(M,:^''), N* = Hom(Ar,Q/Z) is the 
Potryagin dual module of an abelian group N . 

In particular, if M is finite, all cohomology groups (G, M) are finite and 
H'-{G,M) =0 forr>3. 

Proof of the Local Case. We simply write fl'"(M) for H''{G,M). Since M = 
0M[Z°°] for prime I, so we only need to prove the case M = M[l°°] because of 

additions. Now we may assume that M = M[l°°], then H'^{M) is a Z;-module of 

finite length. For any finite Z;-module A'', we have \N\ = I ^S'^^ because a 
simple non-zero Z^-module must be isomorphic to Here the length(Af) is the 

length of the Jordan-Holder sequence of Z;-module M . 
We define the local Euler character by 

2 

X(M) = x{G,M) = ^(-l)qength2,if«(M), 

9=0 

-[if :Qp]lengthz^M I = p, 
l^p. 
Note that the left and the right side of this formula, so we only need to prove 

-[if :Qp]lengthz^M I = p, 
l^p. 

We first check the formula for the trivial case: M = F; = Z/ZZ (G acts on F; 
trivially). By Tate Duality, dimF,//'0(G, F;) = dimp^Fp = 1, dimF,ii2(G,Fi) = 
dimF;ii°(G, /ij)* = dimF,M;*(-^) = dimp, ^i/ (if ) , where iii{K) = {z G K\z^ — 1}. 
On the other hand, by Kummer theory, dimF,ii^(G,F() = dimF,ii^(G, /U;)* = 
6.\m.f^H^{G,ni) = dimpjif ^/(if ^)'. The reason for the last equation is that 

1 > 111 > k"" J^^^ k"" ^ 1. 

Then we have 

1 > H^{G,iii) > H^{G,k'') > H^{G,k'') > H^{G,iii) > H^{G,k'') 



x'(M) = x'(G,M) = log;(||M||K) 
eft and the right 

X(M) ^ x'(M) 



lii{K) > Rx ifx > H\G,ni) > 1, 



x\l 



K^'liK") 
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where H\G,k'') = 1 is given by Hilbert 90. So H^G, m) ^ K"" / {K^'Y . Since 
K"" ^ X Z, O"" ^ Ok X fi ^ Ok X ni^{K) x J] Mg-W, where Ok is the 

integer ring oi K. So 

Z//Z©/ii(AO Zt^p, 

z/pz ® Ok/pOk e /xp(^) ^ = p- 

When I = p, 

x(Fp) = dimF^F°(G,Fp) - diniF^iJi(G, Fp) + dimr^H\G,¥p) 
= 1 - diniFp (Fp ® Ok/pOk ® A*p(^)) + diniFp/Xp(J!:) 
= -diniF^ O^/pO^ = -[K: Qp]dimF^Fp = x'(Fp). 

And when I ^ p, 

X(F0 = 1 - dimF,(F, ® ^ii{K)) - dimr,^iiiK) = = x'(Fi). 

By Tate duahty, the formula also holds for M = fii = F;*(l). 

We will prove that ifO— >i— >M— >A^— >Oisan exact sequence of finite Z;[G]- 
modules, thenx'(M) = x'{N)+x'(L), x(M) = x(A^)+x(i), and x'(M) = x'(M-), 

n 

X(M) = x{M^^), where M*** = M,/M,_i for a Jordan-Holder sequence = 

g=l 

MoC Ml c ■■■Mn = M of Z,[G]-modules. 

In fact, x'{M) = -[K : Qpjlength^^M = -[K : Qp] (length^^ L + lengthz^A^) = 
x'{N)+x'{L). And H°{L) ^H°{M) H°{N) H^L) H^{M) 
H^{N) -> H'^iL) H'^{M) H'^{N) ^ is an exact sequence which follows 
Proposition 1.2. So we have 



X(M) = ^(-l)91engthF9(M) 

9=0 
2 

= ^(-l)«(lengthiJ«(L) + lengthif«(Ar)) 



9=0 

2 2 

= ^(-l)«lengthiJ9(L) + ^(-l)«lengthiJ9(iV) 

9=0 9=0 

= x{L)+x{N). 



Thus we get 



X'(M-) = x'(0Af9/M,_i) 



9=1 



= ^X'(M,/M,_i) 



9=1 



= 5](x'(M,)-x'(M,_i)) 

9=1 

= x'(M„) = x'(M). 
And the same reason for x{^) = x(-^**)- 
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However, M"* is a F/[G]-module because Mq/Mq-i is a F/[G]-module. Then we 
may assume that M itself is a F; [G]-module. At this time dimp^M = lengthy, M. 

Now we recall the notation of Grothendieck groups. Let G be a profinite group 
and Ehe& field. We consider the category RepE{G) made up of the following data: 

(1) Objects are finite dimensional i^— vector spaces with a continuous action of 

G under the discrete topology; 

(2) Morphisms arc i?[G]— linear maps. 

Grothendieck group Re{G) of RepE{G) is an Abelian group which is defined by 
generators and relations: Re{G) is generated by symbols [M] for objects M G 
RepE{G). The only relation is [M] = [AT] + [L] if ^ L M ^ AT ^ is a short 

exact sequence. 

Now we consider the category Repw,{G) which is made of all finite Fi[G]-module. 
Its Grothendieck group is (G), we can regard x ^-nd x' functions on the 
Grothendieck group i?F, (G) with value Z. We need to check the formula for a set of 
generators of Rr^{G). As Z is torsion- free, we only check it for a set of generators 
of i?Fi (G) ig)z Q- And we can find a set of generators by the following proposition: 

Proposition 1.3. (see [2, lemma2.10] j Let G be a finite group and, for any subgroup 
H of G, let Ind!^ be the homomorphism Rr^ (H) (8) Q — > Rr^ (G) (g) Q taking the class 
of an H -module to the class of the corresponding induced G-module. Rr^ (G) Q 
is generated by the images of the Ind^ as H runs over the set of cyclic subgroups 
of G of order prime to p. 

We take a finite Galois extension F/K such that Gal(Qp/i^) acts trivially on M, 
write G = Gal(F/ K). Hence, We only need to check the formula for a set of genera- 
tors of Rf, (G). However, by Proposition 1.4, i?Fj (G)(g)zQ is generated by Ind^p for 
cyclic subgroups H of order prime to I and character p : H ^ for a finite exten- 
sion /C/F;. Thus we can assume M = Ind^p = Indfjp, where H = G&\{%/F"). 

Then by Shapiro's lemma, Hi{G,Ind^p) ^ Hi{G,Ind%p) ^ H'i{H,p), thus 
X{G,Ind'§p) ~ x{H,p)- So we only need to check the formula for p (or for one- 
dimensional single module V{p) on which H acts via p). 



Thus we may assume = K, then H = G, M = V{p) is one-dimensional over 
K and G = is a cyclic group, (|G|,/) = 1. By Proposition 0.1(2), we know 
H'i{G, M) = for all g > 1. Hence, we have inflation and restriction sequence, 

Hi{G/G',M'^') > m{G,M) > H°{G/G',H''{G',M)) > Hi+\G/G' , M'^') 

= Hi{G,M) > Hi{G,M) > H'^{G,Hi{G',M)) > Hi+^{G,M) = 0, 

where G' = Gal{Qp/F). Moreover, we have Hi{G,M) ^ H^{G,Hi{G'M)) for 
q = 0,l, 2, and we note that 

( JC q = 0: 

H\G',M) = H^G\IC)=H\G',¥i)^w^lC= I {{F'' /{F^^Y)* (^^^ ]C q = 1; 

[ txt{F)(^r^lC q = 2. 
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Then 

X(G, M) = dimw.KP - dimF,(((F^)/(F><)')* (^f, icf + diniF, (mj* (i^) <^f, icf. 

Since we have checked the cases M = F; and M = m, we may assume that p is 
neither trivial nor cyclotomic character . Hence JC^ = {n*{F) (Sif, K)'^ = because 
the action of the Galois group on K. is via nontrivial character p on pp is via the 
cyclotomic character. Therefore, x(G, M) = -dimF,(((F^)/(F^)')* (^f, /C)^. 
When I =p, we need to show that 

X{G,M) = -dimF,(((F^)/(F^)')* Kf = -[K: Q^dim^.M = x'{G,M). 
Since p is the maximal torsion-subgroup oi , then we have 

1 > p > F>< > F^'/p > 1 

[P [P [P 

1 > p > F"" > F^'/p > 1, 

where p : x^. By snake Lemma, we have 

1 ^ p/pP {F'')/{F''Y {F''/p)/{F''/pY 1. 

As "*" is defined as following: "*" = Hom(-,Q/Z) = Hom(-,Fp) (only in this 
situation) is a contravariant and left exact functor, thus 

1 ^ {{F-/p)/{F-/pn ^ {{F^)/{F-rr ^ wm^)* ^ E^t\{Fyp)/{Fypr,¥p) = i. 

We know that /C is flat, then 
1 ^ {{FX/p)/{F-/prr ^F, IC ^ ((FX)/(FX)^')* /C ^ Wa*^)* 0f, /C ^ 1. 
Hence 

1 ^ ifO(G, {{F^/p)/{F^/prr<»F^K) ^ f0(G, ((FX)/(FX)f)*0F,/C) ^ Wm^)*®f,/C). 
However, /x/yu^ = Pp{F), then 

(m/m^)* /C) = ip;iF) ®F, /C)^ = 0. 

Therefore, 

{{F^/p)/{F^/pYy ®F, /C) ^ ((FX)/(Fxr)* ®f, /C). 

In other words, 

dimF,(((FX)/(^x^P)*^^^^)G ^ dimF^(((FX/M)/(i^VMr)*®F,/Cf = dimF,(((FV^)^^p^)*^^ 

Writing the additive valuation of F as t; : ^ Z, then we have an exact 
sequence: 

l^O'^/p^ F^'/p ^ Z ^ 0. 
Then the exact sequence is torsion- free, and after tensor Fp, we still have an exact 
sequence 

1 ^ O^/p <»z Fp ^ F V/x ®z Fp ^ Fp ^ 0. 
Using * functor again, we have: 

O^Hom(Fp,Fp) =Fp ^ (F^/^ Fp)* ^ (O^/^ Fp)* ^ Ext^(Fp, Fp) = 0. 

So we have 

^ /C^ ^ ((F 0z Fp)* 0F, /C)^ ^ ((OX ^2 Fp)* 0F, )Cf ^ 1 (G, /C) = 0. 
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Therefore, 

dimp^HF'' / 12 (8z Fp)* (g)F^ ICf = dimp^iiO^/ii ®z Fp)* ICf. 

Now we want to lift the representation p to characteristic representation p by 
the following proposition. 

Proposition 1.4. (see [1, corollary 2.7]) Let K he a finite extension of Qp with 
p—adic integer ring O. Let E = O/mo for the maximal ideal mo of O. Suppose 
p\\G\ is not true and that all irreducible representations of G over K are abso- 
lutely irreducible. Then all irreducible representations of G over E are absolutely 
irreducible, and the reduction map p ^ {p mod mo) induces a bisection between 
isomorphism classes of absolutely irreducible representations of G over K and over 
E, preserving dimension. 

For that we take the unique unramificd extension L of Qp of degree Aivof^K. 
Then we have Ol/{p) = IC, = (1 +pOl) x JC^ , where Ol is the p-adic integer 
ring of L. By the isomorphism, we may think p has valuation in . We write 
the character p : G ^ , which is called the TeichmuUer lift of p. Since Op /p is 
torsion free and (|G|,p) = 1, by Proposition 1.4 for the unique TeichmuUer lift p of 
p, we have: 

dimF^((0^/MOzFp)*®F,/C)^ = dimw^{{0^/p^^^¥p)*®w,icf 

= dimF^(Hom(0^//x (^z^ Fp,Fp) ICf 
= Rankzp (RomiO^/p Zp, Zp) Ol)^ 
= dimQ^(Hom(0^//i®zQ,Qp) Lf. 
By p-adic logarithm, wc know that Op / p Q = Fas G-module. Hence 

dimQ^(Hom((0^/M) ®z Q,Qp) <»Q, L)'^ = dimQ^ (Hom(F, Qp) Lf. 
By normal base theorem, F K[G] = Qp[G][^^Q''l . Then 

dimQ^ (Hom(F, Qp) Lf = dimQ^ (Hom(Qp [G] [^^^-1 , Qp) L f 

= [K : Qp]dimQ^(Hom(Qp[G], Qp) Lf. 

We can easily check that Hom(Qp[G], Qp) = Qp[G] as G-module hy tp : f ^ 
a^a, where = /(tr), then 

o-eG 

[K ■ Qp]dimQ^(Hom(Qp[G],Qp) Oq^ Lf 
= [K : Qp]dimQ^ (Qp [G] Lf 
= [K : Qp]dimQ^(Qp[G] L°f (*) 

= [K : Qp]dimQ^ (Qp[G]^ L°) 

= [i^ : Qp]dimQjQp LO) 

= [if : Qp]dimQ^LO 

= [K : Qp]dimQ^L 

= [K : Qpjdimr^lC 

= [K : Qp]dimF^M, 
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where Qp[G]'~^ = Qp and (*) follows from the isomorphism: 
given by 

where L° is the trivial G-module with L = L° as Qp— vector spaces. 

When lj^p,we only need to check x(G, M) = -dim((F^ /(F^ )')* ^f, /C)^ = 0. 
Discuss it again, we know ((F></(i^^)')* tCf ^ ((f ^//z (8)z F;)* (^f, /Cp. But 
F^/nisa Zp-module, and I is invertible in Zp. Thus, / fj.'Siz'^i = 0, x(G, M) = 0. 

Remark 1.5. : Actually, dimwj,M'^ = dimw^{M*)'^ , because (5 is a finite cyclic 
group, let a be the generator of G, then we have 

dimw^{M*f = d7..mr^{Homr^iM,¥p)f 
= dirnr^ Horn^^^ [gj (Af, Fp) 
= dimr^Honif^^^] {M/{a -l)M,¥p) 
= dimp^Honif^ {M/{<t - 1)M, Fp) 
= dimv^M/{a - 1)M = dimr^M^ , 
where M is the Fp[G]-module. Thus, by using the conclusion, wc know that 

dimF,((FX/(^^xf )* ICf = dimrMF"/iF"rr ICyf 

= dimF,((i^V(^^^r)®F,/C*)<5. 

Thus, we only need to show that 

dimF^((FX/(i^^)^) ^F, IC*f = [K : QpJdimp^M. 
Then we can compute it a little easily. 

2. Global Euler Characteristic Formula 

Theorem 2.1 (Global Case). Let K/Q be a finite extension, S be a finite set 
of places of Q including the archimedean places and E be the set of places of K 
above S. /K is the maximal algebraic extension unramified outside S. We write 
&s = Gal{K^/K). Assume M is a finite &s-module such that if I \ \M\, then 
I G S. Then we have: 

\H^{es.M)\ ■ \lP\es,M)\ _ \H'\G,:.M)\ 

\m{es,M)\ \\m\\k^ ' 

where \n\K„ = n^^^'''^\ v is archimedean place, Gy = Gal{Ky/Ky). 

In this formula, we know that M is ©s-module, we also regard M as G„-module. 
Before proving this formula, we will give a very powerful theorem which is proved 
by John Tate. This theorem is the key to prove it. But we do not plan to prove it 
here. We only narrate it. If you are interested in it ,you can see the reference. 

Proposition 2.2. Let S be a finite set of places of Q including the archimedean 

places. Let K be a number field and S be the set of places of K above S . Fix a 
prime p € S, and let M be a discrete finite & s-module with p— power order. Then 
we have: 
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(1) 

H''{es,M)^ Y[ H''{Gv,M) for all r>3, 

where E(IR) is the set of real places of K. 
(2) We have the following long exact sequence: 

0^i?°(65,M)^ []i?°(G^,M)x H HUGv,M)^ H\es,M*{l))* 

^ H\es,M) ^ n H\Gy,M) ^ H\&s,M*{l)y 

^ if2(6s,M) H^{G^,M) iJ°(6s,M*(l))* 0. 

Proof of the Global Case. Since M = 0^ M[l°°], we may assume M = M[l^]. 
Now, we prove it for Z > 2. Let 

ip{M) = x{&s,M) - J2 (lengthy, if 0(G„,M) - [K, : R] lengthy, M), 

and we need to prove that fiM) = 0. 

By Proposition 2.2(1), we have Hi{<Ss,M) = f] H''{Gy,M) for all q > 3. 

i;eE(R) 

However, gcddG^ljM) = 1 because of |G„| = 2 and I > 3. Then by Proposition 
0.1(2), we have H''{Gv,M) = for g > 1, so H'i{&s,M) = for all q > 3. 

When O^L— >M— ^Af^Oisa short exact sequence of Z;[Ss]-module, we 
have a long exact sequence: 

H°{&s, L) H^i&s, M) H°{es, N) ^ > H^iGs, N) ^ 

of finite Z^-module. Hence, x{M) = x{L) + x{^) and ip{M) = ip{L)-\-ip{N), where 

X and iy9 factor through the Grothcndicck group i?F,(6s) and have values in Z. 

Then by Proposition 2.2(2), we have x(M) + x(M*(l)) = Xv{Gv, M), where 

■yes 

2 

J2 (^l)''kiigth2,i?'^(G^, M), ?; is a non-archimedean place; 
Xv{G,,M)={ «=° 

J2 (~l)'length2,i?|.(G„, M), v is an archimedean place. 

9=0 

Then 

Y,Xv{G,,M)= Xv{G,,M)+ J2 Xv{G,,M), 
where Sq is the set of finite places. We know 

2 

^ XviG„M)= Yl Y(-me^g^K^TiGv,M). 

However, Gy is a cyclic group, by Proposition 0.6, 

lengthz,if2(^^^^^ ^ lengthz,Fi(G„,M), 

lengthz,ifO(G„,M) = lengthy, //^(G„, M) = lengthy, (G„, M). 
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Thus, 

J2 Xv{G„M)= J2 lengthy, ffi(G„,M). 

On the other hand, since ||M||ii-^ = 1 for w ^ S, by the product formula 
||M||if^ = 1 and the local Euler Characteristic formula, 

V 

J2 Xv{Gy,M) = log, n (ll^lkJ = - log; n (W^WkJ = - E M]lengthz,M. 

tieSo hgEo weSoo veHoo 

Therefore, 

^(M) + ^(M* (1)) x(M) + x(M*(l)) 
- ^ (length2,iJ°(G^,M) + length2^if"(G„,M*(l))-2[i^„ :M]length2,M) 

= ^ (lengthy, M) - lengthy, if ^(a, M) - lengthy, M*(l)) + [K, : M]lengthz,M) 
= 0. 

The last equation follows the following proposition: 

Proposition 2.3. (in [2, theorem2.3(c)]) LetK^ = M orC and letGy = Gal(^„/is:„), 
Klif^ = nl-'^'''*!. For any finite Gy-module M, Then we have 

|g°(G,,M))|.|g"(G'..,Af*(l))| 
\H^{Gy,M)\ = 

So we only need to show that ip{M) = ip{M*{l)). 

We take a finite Galois extension F/K such that &g = Qd\{K'^ / F) acts on 
M and jii trivially. We write G = Ga.\{F/K). By the same argument of local 
case, we may assume G is cyclic of degree prime to I and M is a F,[G]-module. 
We know m{&s,M) = for g > 3, since gcd(|G|,0 = 1, H'i{G,M) = for all 
q > 0, and by the inflation and restriction sequence again, we get H''{&s,M) = 
H\G,m{&s.M)). 

Since we consider as a homomorphism from the Grothendieck group [G] to 
Q. let 

x':-RF,(G)®Q^iiF,(G)«)Q, 

2 
i=0 

and 

0:i?F,(G)0Q^Q, 
[M] i-s- dimpjM'^, 

then 

X = f o X'- 
We know that [ii°(S'g,/i;)] = [w], and 

(i) : Hi(6^,M/) = [0^s//] + [CT5(i^)m], 

(ii) : [il2(e^,^;)] = P5(i?)/Z]_[F;] + [ F,] + [ ilO(Gp,F0], 
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where Op g is the group of 5*— unit and Cls{F)[l] is the ^— torsion part of S*— ideal 
class group Cls{F). See more details in [8, (8.7.4)]. 

We obtain that [0^5/Z] = [ © ¥i] + [f,i] - [¥i] and [Cls{F)[l]] = [Cls{F)/l], 

peS(F) 

then we have 

X'(N) = [ i?^(Gp,FO]-[ F,]. 

peSoc(F) peSoo(F) 

For a finite Fj[G'] -module M, we have 

(iii) : x'{M*{l)) = [M*] . x'([m/]), see [2, Lemma 5.4], 

(iv) : [M] ■ [F;[G]] = dimF,M • [¥i\G]] 

Thus 

X'([M*(1)]) = [M*®( iH°{GM-Vi))] 

peSoo(F) 

= [^*®(0 0(i??^(Gp,FO-FO)]. 

We obtain that if w = C, p = C, then 

0F,^Fi[G] 
Pl" 

as G-modules and 

Uv = M.,p = R, then 

0F,^Fi[G] 
Pk 

as G-modules and 

0ifO(Gp,F;) ^ H°{Gp,¥i) 0F, F,[G]. 

p|f 

If I) = ]R, p = C, then H°{Gp,¥i) = 0. 

We can compute similarly for x'{M). Then by (iv), for (p{M) = (f{M*{l)), we 
only need to prove that 

-9{[M* 0(0 FOj) - Yl (dimF,/fO(G,,M*(l)) - [K, : M]dimF,M*(l)) 

i)eEoo(K) p|j,,p is complex ve'Sx 

= -e{[M{-l) 0(0 F,)]) - (diniF, if °(C?.,M) - [K, : R]dimF,M), 

t)es«>(R) pi^^p is complex ve's^ 

where M(-l) = (M*(l))*. 

In other words, we only need to prove 

E mM* (©p|„,p i3 complex IF')]) + dim,, Af*(l)G.O 

i;eE(R) 

= E (^([M(-1)0(© i3 i,^FO])+dimF,MG''). 
We will prove the equation for each v. 
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However, 



FO]) =diniF,(M*® ( 



p\v,p is complex 



p\v,p is complex 




p|u,p is complex p|i>,p is complex 



= dim,,((M*)«^^( 



p\v,p is complex 



= dimF^CM*)*^" 
= dimp, M^"- . 



Where the last two equations are separately given by (iv) and remark(1.5). By the 
same discussion, we get 



Hence, we complete the proof for / > 2. 

When 1=2, we have A/*(l) = M* and we need to modify the proof of additions 
of tf which could be seen in [1, 4.4.5]. 

Remark 2.4. They directly prove x(M) = x(^*(l)) anddimFjiW^" = dimp, (M*(l))'^' 
in [l,Ch4.4.5] and [2, Chi. 5]. Actually, we cannot get x{M) = x(M*(l)) directly 
from x' ■ And also we cannot get dimfjAf*^" = dim^^ (Af*(l))''" . A counterexample 
is that let K ~ Q(-\/3) and L = (\/— 1) = Q(\/3, \/— T) D /i3 be a cyclic extension 
of K of degree 2 which primes to 3. The prime in K above 3 is unramified in L. 
Let M = F3, then M*(l) = /xg. But dimF,M'^" = 3 7^ 1 = dimF,(A/*(l))'^". 
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